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Abstract 

This paper analyzes strategic dynamics between generators 
and discriminators in adversarial learning through a 
simplified strategic framework. A knife-edge stability, a 
fragile balance where small deviations destabilize learning, 

is identified in the adversarial training process. A deviation 
from this stability results in failures: mode collapse occurs 
at mixed-strategy Nash equilibria, where discriminators 
become overly dominant, while oscillatory behavior arises, 
when generators receive insufficient learning signals. 
Practical implementations require careful tuning of learning 

parameters to maintain this delicate equilibrium, offering a 
theoretical account of the instability frequently encountered 
in adversarial training. 

Keywords: Generative adversarial network (GAN), mode 
collapse, oscillatory behavior, stability analysis, Nash 
equilibrium. 

1. Preliminaries 

   Generative adversarial networks (GANs) [1] have become 
an important technique in machine learning [2]. However, 
several instability outcomes resulting in mode collapse and 
oscillatory behavior are reported. Some solutions are 
provided by applications of alternative loss metrics [3] and 

introductions of alternative structures [4], [5], [6], [7]. 
   In standard GANs [1], a generator network G attempts to 
produce synthetic data 𝑥′~𝑔 from an arbitrary input 𝑧 using 

the generator function 𝐺: 𝑧 ⟼ 𝑥′  that resembles the real 
data distribution 𝑥~𝑓 , while a discriminator network D 
attempts to distinguish between real and synthetic samples. 

The global convergence of distribution is achieved by 𝑔 ↦
𝑓  in the learning process. This adversarial process is 
formalized as a two-player minimax game where the 
generator minimizes, and the discriminator maximizes a 
value function involving the log-likelihood of correctly 
identifying real and fake samples. 
   The basic algorithm is illustrated by Algorithm 1, where 

the discriminator aims to maximize its ability to distinguish 
between real and generated data by 𝑉𝐷 , while the generator 

aims to minimize the discriminator’s success by 𝑉𝐺 . ∇ 
indicates the corresponding gradient vector. The value 

functions in the standard GAN [1] are provided by 

𝑉𝐷 = 𝔼𝑥~𝑓 log𝐷(𝑥) + 𝔼𝑥′~𝑔 log(1 − 𝐷(𝐺(𝑧)) (1) 

    𝑉𝐺 = 𝔼𝑥′~𝑔 log𝐷(𝐺(𝑧)), (2) 

where 𝐷  is the discriminator function assigning the 
probability that the given data is real or synthetic. 
   The training process often suffers from instability [8], [9], 
with gradient-based updates leading to oscillations or mode 

collapse, where the generator produces limited varieties of 
samples [10]. To analyze these strategic dynamics, we 

provide a simplified two-player two-action non-cooperative 
game that captures the essential equilibrium properties 
underlying GANs [11] as follows. 
   A strategic interaction between two players is considered, 

as illustrated in Table 1, where 𝐷∗  is the probability of 
identification when the two players optimize their actions 

and 𝐷′ = 𝐷∗ − 𝜀 for 𝜀 ≥ 0 when both do not optimize. For 
simplicity, the player is guaranteed to win this game if one 

optimizes its action, but the opponent does not. 

Algorithm 1 Standard GAN Training 

Require: 𝛽𝐷: discriminator learning rate, 𝛽𝐺: generator 
learning rate 
while not converged do 

    𝜃𝐷  ⟵  𝜃𝐷 + 𝛽𝐷∇𝑉𝐷  

    𝜃𝐺  ⟵  𝜃𝐺 + 𝛽𝐺 ∇𝑉𝐺  
end while 

Table 1. Game structure and payoffs, where the discriminator (D) 
is the row player, and the generator (G) is the column player. 

Payoff = (D, G) Optimize Not Optimize 

Optimize (𝐷∗, 1 − 𝐷∗) (1, 0) 
Not Optimize (0, 1) (𝐷′ ,1 − 𝐷′) 

2. Nash Equilibrium 

   Let 𝜋𝐷  and 𝜋𝐺  be the mixed strategies of D and G, 
respectively, take optimization action, with values between 
0 and 1. The expected payoffs for both players can be 
calculated based on the probability of each player 
optimizing their strategy and the payoff matrix in Table 1. 

When we set 𝐷∗ = (1 − 𝜀)/2, which creates a balanced 
relationship where 𝐷∗ + 𝐷′ = 1, analyzing the first-order 
conditions leads to a dominant strategy where both players 

choose to optimize (𝜋𝐷
∗ = 𝜋𝐺

∗ = 1). 

   For the case where 𝐷∗ + 𝐷′ > 1, analyzing the players’ 
best responses reveals two possible equilibria below: 

• A pure strategy Nash equilibrium (PSNE) where neither 

player optimizes (𝜋𝐷
∗ = 𝜋𝐺

∗ = 0). 
• A mixed strategy Nash equilibrium (MSNE) where the 

discriminator may optimize with some probability 
(𝜋𝐷

∗ = 𝑝) but the generator never optimizes (𝜋𝐺
∗ = 0), 

which occurs specifically when 𝐷∗ = 1 indicating 𝜀 =
0 (mode collapse condition). 

   Similarly, when  𝐷∗ + 𝐷′ < 1, we can find the following 
two equilibria: 

• The same PSNE where neither player optimizes. 
• A different MSNE where the discriminator never 

optimizes (𝜋𝐷
∗ = 0) but the generator may optimize with 

some probability (𝜋𝐺
∗ = 𝑞), occurring when 𝐷∗ = 𝜀. 

   A summary of these five (or four) equilibrium classes is 
provided in Figure 1 to guide the subsequent investigation. 
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Figure 1. Nash equilibria in adversarial learning 

3. Knife-Edge Learning Stability 

   Knife-edge stability refers to the narrow set of conditions 
under which equilibrium can be sustained. Outside this 
range, adversarial training typically diverges into failure 

modes such as oscillation or collapse. 

   PSNE (0, 0) indicates that both players have no incentive 
to update their functions due to insufficient rewards. MSNE 

(𝑝, 0)  indicates an excessively strong D to eliminate the 
incentive of G to make an effort. These states can represent 

mode collapse in GAN implementations. MSNE ( 0, 𝑞) 
indicates 𝐷′ = 0 and there is no incentive for D to update 
the discriminator function anymore, yet G still struggles 
with updating its generation function. However, G cannot 
obtain any informative response from D, resulting in an 

oscillation. The distinction of the two modes suggests that 
mode collapse requires techniques to prevent G from 
becoming overly dominant, while oscillation to ensure the 

provision of consistent learning signals. 

   PSNE (1, 1)  indicates successful enforcement of the 
learning process, as both players optimize their objective 
functions, resulting in the provision of meaningful signals 
to opponents. The convergence indicates that there are no 

further updates: 𝐷∗ = 𝐷′   ( 𝜀 = 0 ). Ideally, D must be 
completely myopic about the identification of the fake: 
𝐷∗ = 1/2 . In this case, 𝐷∗ + 𝐷′ = 1  is applied to find 

PSNE (1, 1) . If 𝜀  represents the convergence path, the 

stable evolution is required to conform to 𝐷∗ = (1 + 𝜖)/2, 
or it causes mode collapse, which is a knife-edge stable 

process. In practice, 𝜀 is almost impossible to observe; thus, 
this stability critically depends on the choice of learning 

parameters, especially the coefficients (𝛽𝐷 ,𝛽𝐺 )  on each 

gradient, ∇𝜃𝐷 and ∇𝜃𝐺 in Algorithm 1 (learning rates). 

4. Conclusion 

   This paper introduced a game-theoretic model identifying 
a knife-edge equilibrium in adversarial learning. The 
analysis accounts for both mode collapse and oscillation as 
distinct mixed-strategy Nash equilibria that deviate from the 
ideal training path. This narrow stability region helps 

explain the sensitivity of adversarial training to parameter 
choices. The structured approach highlights core strategic 

tensions underlying practical implementation. 

    Learning rates emerge as potentially critical parameters 
associated with knife-edge stability, suggesting directions 

for studying how training hyperparameters influence 

equilibrium outcomes. This study contributes to structural 
approaches in adversarial learning, offering a formal lens to 
interpret strategic dynamics and complement empirical 
methods aimed at improving stability. 
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